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The coalescence of water drops on a substrate is studied experimentally. We focus on the rapid growth of the bridge connecting the two drops, which very quickly after contact ensues from a balance of surface tension and liquid inertia. For drops with contact angles below 90
• , we find that the bridge grows with a self-similar dynamics that is characterized by a height h ∼ t 2/3 . By contrast, the geometry of coalescence changes dramatically for contact angles at 90
• , for which we observe h ∼ t 1/2 , just as for freely suspended spherical drops in the inertial regime. We present a geometric model that quantitatively captures the transition from 2/3 to 1/2 exponent, and unifies the inertial coalescence of sessile drops and freely suspended drops.
PACS numbers: 47.55.D-Drops and bubbles
The splitting and merging of liquid drops are key processes during cloud formation, condensation and splashing [1] [2] [3] . The rate at which these processes take place is very important for technologies involving sprays and printing [4, 5] . Breakup and coalescence are singular events during which the liquid topology changes from a single drop to multiple drops, or vice versa [6] . Near the singularity, i.e. right before the moment of pinch-off or just after coalescence has been initiated, a tiny bridge of liquid connects two macroscopic drops. The size of this bridge vanishes at the singularity and gives rise to powerlaw divergence of stress [6] . In most cases, the dynamics near coalescence and pinch-off is universal in the sense that it is completely independent of initial conditions. In this regime viscosity, surface tension and inertia are all relevant [6] [7] [8] [9] .
For low-viscosity liquids such as water, however, most of the dynamics can be described by a fully inertial regime, where viscous forces can be neglected. For pinchoff, one observes that the bridge size vanishes as τ 2/3 in this inertial regime [10] [11] [12] [13] , where τ is the time to pinch-off. Interestingly, the situation is markedly different for the inertial coalescence of spherical water drops: the bridge grows with time as t 1/2 and the prefactor depends explicitly on the drop size [8, 9, [14] [15] [16] . The outer scale enters the coalescence problem through the peculiar initial condition, which consists of two spheres touching at a single point. This geometry even modifies the scaling law with respect to pinch-off, as it strongly enhances the capillary forces that drive the coalescence.
In this Letter we reveal the inertial coalescence dynamics of water drops on a substrate. This is of comparable practical interest to that of freely suspended drops, but now the influence of geometry becomes even more apparent ( Fig. 1) : the drop shape looks very different when viewed from the side or from the top. This situation was recently investigated for high-viscosity drops [17] [18] [19] , with evidence for self-similar dynamics during the initial growth [20] . For inertial sessile drops, by contrast, the coalescence dynamics has remained unknown. Two-dimensional inviscid theory for "coalescing wedges" suggest a 2/3 exponent [21] [22] [23] , as for pinch-off, but experiments for water drops on a substrate were interpreted using the classical 1/2 law [24] . In addition, it is not known whether and how the substrate wettability influences the coalescence.
Here we access the coalescence of water drops on a substrate with previously unexplored length and time scales. We show that the coalescence dynamics displays selfsimilarity and we present scaling arguments that quantitatively account for all observations. The key result is that for θ < 90
• the inertial coalescence is self-similar and displays a 2/3 exponent. However, the range over which this asymptotics can be observed is continuously reduced upon approaching θ = 90
• . In this limit, our theory and experiments recover the 1/2 exponent and thus unifies the coalescence of sessile drops and freely suspended drops.
Experimental setup. -Two drops of pure water (milli-Q, surface tension γ = 72 mN.m −1 ) are grown at the tip of flat dispense needles and get in contact with transparent glass substrates that are covered with different coatings with a typical hysteresis of 10
• , leading to (static) advancing contact angles θ ranging from θ = 73
• to 90
• . Coalescence is achieved by very slowly advancing the contact lines, the static advancing angle θ actually determines the interface angle at the moment of contact. It is measured for each experiment, with an error smaller than 2
• . In order to avoid dynamical effects, the approach speed of the two contact lines is always smaller than 20 µm.s turing the fast stages of coalescence is achieved by combining high-speed recording and long-range microscopy. We use two synchronized high-speed cameras to image the coalescence simultaneously from the side and from below [ Fig. 1 (b-c)]. A Photron SA1.1 is coupled to a long-distance microscope (Navitar 12X Zoom coupled with a 2X adapter tube) and records images from the side with a resolving power of 4.8 µm/pixel. Combined with backlight diffusive illumination, it can record up to 200.000 frames/s. For the bottom view imaging, we use an APX-RS combined with a Navitar 6000 lens with a resolution of 2.7 µm/pixel. Reflective illumination allows for a frame rate of 90.000 frames/s. At these time and length scales, all our measurements are in a purely inertial regime where the viscosity of water can be neglected [29] . Once the drops are in contact and coalesce we measure the shape and evolution of the liquid bridge using a custom-made edge-detection algorithm in Matlab. Contact time is chosen half-way in between the last frame where no bridge is observed and the first frame where we can measure the bridge height. Conical drops. -A snapshot of the bridge profile during coalescence of two conical drops is presented in Fig. 1(d) . In this side-view, the drops appear as nearly perfect wedges of contact angle θ = 73
• , connected by a thin bridge of height h 0 . The bridge height grows rapidly in time and emits a capillary wave on the surface of the drops, as can be seen from the still image. Note that the bridge shape is markedly different from highly viscous coalescing drops, for which no such waves were observed [20] . This suggests that for water drops, which have a low viscosity, the dynamics is limited by liquid inertia rather than by viscous effects.
To reveal the growth dynamics of the bridge, we measure the evolution of the minimum height h 0 as a function of time after contact t [ Fig. 2(a) ]. Experiments are extremely reproducible and data correspond to an average over 6 different coalescence events. The diamonds in Fig. 2(a) clearly suggests a power-law growth of the minimum height, h 0 ∼ t 2/3 . This regime over which this scaling is observed covers more than 3 decades in time and more than 2 in space, until h 0 is of the order of the initial size of the conical drops (around 1 mm) at time t > 5 ms. Inspired by results from pinch-off [6] , we now attempt to collapse the experimental bridge profiles using a similarity Ansatz. We therefore suggest that the bridge dynamics is governed by a similarity solution of the form
This scaling is verified in Fig. 2(b) , comparing side-view profiles for a single experiment at 5 different times after contact. The collapse of the experimental data confirms that the bridge shape is preserved during the inertial stages of coalescence. This self-similarity implies that the bridge height h 0 is the only relevant scale, and that the needle size is not important for the dynamics as viewed from the side. In particular, it means that the width of the bridge, defined in Fig. 1(d) , scales as w ∼ h 0 . A 2/3 exponent was previously observed for inviscid liquids, both for pinch-off of drops [11, 12] and for merging of two-dimensional wedges [21] [22] [23] , originating from a balance between surface tension, γ, and inertia characterized by the liquid density, ρ. Here we adapt this scaling law for the case of drop coalescence on a substrate. The driving pressure for θ close to (but smaller than) 90
• is given by
The width w is defined in Fig. 1(d) and provides the characteristic curvature κ xz ∼ 1/w of the interface in the (x, z)-plane. The curvature in the (y, z)-plane κ yz is of opposite sign, but must be smaller in absolute magnitude to induce coalescence. The curvature diverges at the moment of contact where the bridge size goes to zero. The very strong capillary pressure (2) drives the rapid flow of liquid into the bridge, yielding a dynamical pressure
Balancing these two pressures, one gets the scaling law for the bridge growth • at the moment the drops come into contact. The solid line is the prediction (4) with a prefactor D0 = 0.89. The dashed corresponds to (5). (b) Rescaled profiles H = h(x, t)/h0(t) versus ξ = x/h0(t) for 5 different times t = 27.5, 72.5, 122.5, 197.5 and 397.5 µs after contact. The collapse reveals self-similar dynamics of our experimental measurements. (c) Comparison of the experimental profile (background snapshot) and the numerical similarity solution from two-dimensional potential flow (solid line, from [22, 23] ). The numerical curve actually corresponds to θ = 75
(b) (c) (a)
• , which was slightly rescaled here to match θ = 73
• .
Fitting this to the diamonds in Fig. 2(a) gives a numerical constant of order unity, D 0 = 0.89, suggesting that the balance is correct. This scaling law and the underlying similarity hypothesis must break down when the contact angle θ → 90
• , due to the vanishing denominator of (4). Before pursuing this limit in more detail, it is interesting to compare our experiments to previously obtained similarity solutions for two-dimensional coalescing wedges [22, 23] . While the scaling law in this two-dimensional inviscid theory is consistent with (4), the numerically obtained profile H(ξ) does not capture the shape observed experimentally. This is revealed in Fig. 2(c) , where we overlap the experimental profile and the two-dimensional potential flow solution (red solid line). Unlike the experiment, the theoretical profile is extremely flattened at the bottom of the bridge, and the capillary waves on the drop surface are much more pronounced. This discrepancy with two-dimensional theory suggests that the three-dimensional nature of coalescence cannot be ignored. Namely, the bridge exhibits a second curvature in the (y, z)-plane, which scales as Fig. 1(a) , inset]. Since the bridge topology is a "saddle", this curvature is of opposite sign compared to κ xz ∼ 1/w. The curvature κ yz can influence the coalescence, provided that it is of comparable magnitude -the width of the bridge d should thus have the same 2/3 powerlaw evolution during the inertial growth. Assuming the cross-section in Fig. 1(a) is a circular arc of (advancing) contact angle θ, one actually predicts
To test this hypothesis we measure d from the bottomview [ Fig. 2(a) , triangles]. Indeed, the measured dynamics for d(t) is consistent with the 2/3 power law. The dashed line is the prediction by (5) with θ = 73
• . This static advancing contact angle indeed gives a good description of the data; in line with earlier findings for viscous drops on a substrate [17, 18, 20] , this suggests that contact line motion is not the rate-limiting factor for the bridge growth. We thus conclude that both principal curvatures are comparable |κ xz | ∼ |κ yz |, though from (5) the latter is indeed of smaller magnitude. This makes the problem inherently three-dimensional (Fig. 1) .
Spherical drops. -A more natural geometry for drop coalescence is of course encountered for spherically shaped drops deposited on a substrate with a contact angle θ (Fig. 3) . A very special case is obtained for θ = 90
• : if the substrate is considered as a "mirror", the geometry is identical to that of two freely suspended spherical drops. To explore this special case we have performed experiments with θ = 90
• [ Fig. 3(b) ]. The result is presented in Fig. 3(a) (green squares) , clearly showing that h 0 ∼ t 1/2 . On the same graph we replot measurements for freely suspended spherical water drops in the inertial regime (blue open circles, taken from [9] ): within experimental error, the coalescence of free water drops is indeed identical to that of drops on a substrate of θ = 90
• . This suggests that our experiments can be interpreted using the same argument as for freely suspended drops. The key difference with respect to Eq. (2) is that the driving radius of curvature now reads w ∼ h 2 0 /R -the pressure balance then leads to the 1/2 exponent [9, 14, 16] . To further test this argument, we once more attempt a sim- Intriguingly, we thus find that the coalescence exponent changes from 2/3 obtained with θ = 73
• , to 1/2 for θ = 90
• . To investigate the transition, we performed experiments using sessile droplets with contact angles close to but lower than 90
• . Results for θ = 81
• and θ = 84
• are presented on Fig. 3 (a) (black triangles, red diamonds). Both data sets clearly show h 0 ∼ t 2/3 . We now develop a geometric model that explains the change in exponents near 90
• . The model considers the geometry sketched in the upper inset of Fig. 3(a) , consisting of two intersecting circles of radius R, from which we find the meniscus size:
While for asymptotically small h 0 and θ < 90
• this expression is identical to the wedge-shape of (2), w ∼ h 0 , it also captures the spherical geometry at θ = 90
• where the wedge disappears and w ∼ h 2 0 /R. With this refinement, the bridge dynamics during the inertial regime can be predicted for all contact angles
The results of this theoretical prediction are shown on Fig. 3(a) with no adjustable parameter (we keep D 0 = 0.89 as obtained from Fig. 2 ). The theory indeed captures the experimentally observed θ dependence. The sudden transition of exponent from 2/3 to 1/2 at θ = 90
• can now be understood as follows. Taking first the angle θ = 90
• and then the early-time limit t → 0, Eq. (7) gives an exponent 1/2. On the other hand, taking first t → 0 at θ < 90
• and then the limit θ → 90
• gives 2/3. This is not inconsistent, since the range over which the 2/3-asymptotics applies vanishes near 90
• , as h 0 /R (π/2 − θ): the duration of the 2/3 regime gradually shrinks to zero. Yet, for θ only a few degrees smaller than 90
• , the 2/3 exponent can still be observed [cf. Fig. 3(a) ].
Discussion. -Our results reveal that coalescence dynamics in the inertial regime is dictated by the geometry at the moment two drops come into contact. It was found that the exponent of coalescence can be either 2/3 or 1/2, depending on the shape at contact -"merging wedges" versus "merging spheres". More generally, we expect that the importance of geometry in fast capillary dynamic extends beyond coalescence, as also shown for spreading [25] . In our experiments we have used ultrapure water, but our results apply whenever inertia is the limiting factor for coalescence. Apart from a short regime where viscous effects cannot be ignored [9, 29] , inertia dominates for aqueous solutions or other low-viscosity fluids. Our results therefore hold for a broad variety of applications such as inkjet printing [5] , drop manipulation on a substrate [26] , deposition of pesticides on leaves [27] or cooling and condensation phenomena [2, 3, 28] .
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